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JuDFT codes accuracy
FLEUR and JuKKR are all-electron, full-potential open-source codes.

1

1Bosoni et al. 2024.



Node

Data

Code

Calculation
Node

KkrImp
Calculation

Workflow
NodeWorkChain

kkr_imp_wc

CalcJob

Process

StateMachine

Process
Node

Ô Engine õ Database

aiida.net

https://aiida.net


The Korringa-Kohn-Rostoker Green Function (KKR) method1

1Slides by Prof. Dr. Phivos Mavropoulos, National and Kapodistrian University of Athens, from his guest lecture, given January 19, 2021, in
the graduate course “Density Functional Theory and Electronic Structure”, held by Prof. Dr. Stefan Blügel, at RWTH Aachen University, winter
semester 2020 / 2021.



Green function: Definition

Retarded and advanced Green functionTime evolution operator

Fourier transform à energy-dependent Green function:

Spectral representation via eigenfunctions-eigenvalues:

G(E) can be defined for complex E
(analytical continuation)

 (t) = iGR(t � t0) (t0) t0 < t

 (t) =�iGA(t � t0) (t0) t < t0
 (t) = e�iH(t�t0) (t0)

G(E) =

Z 1

�1
G(t) ei(E+i")t dt = (E + i"� H)�1

G(E) =
X

i
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Properties of the Green function I:

Analyticity in the physical sheet

Poles at the eigenvalues      and branch cut at the continuum

ImE

ReE
n(E)

EBound states
(core electrons) Continuum bands

Density of states:

Find eigenvalues of H ó
Locate singularities of G(E)

Analytical properties

Im
p

E > 0

✏i ✏k

✏k✏1✏2

n(E) = � 1

⇡
Im Tr G(E)



Charge density:

Properties of the Green function II:

Real-space representation:

Definition:

Expectation values of observables:

(General expression with Tr)

(Real-space representation)

Connection to physical properties

(E � H) G(E) = 1

(E � H) G(~r, ~r 0 ; E) = �(~r � ~r 0)

hOi = � 1

⇡
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Z
d3r d3r0 O(~r, ~r 0) G(~r 0, ~r; E)
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Z EF

dE G(~r, ~r; E)



Properties of the Green function III:

Reference system Hamiltonian  à New system Hamiltonian

Dyson equation

Dyson equation

Example:                 Free electrons   à Electrons in a crystal

H0 H = H0 + �V

G(E) = (E � H0 ��V )�1

= [1 � G0(E)�V ]
�1

G0(E)
G0(E) = (E � H0)

�1

Hcryst = H0 + Vcryst(~r)H0 = �r2

H0 = Hcryst H = Hcryst + �Vimp

Electrons in a crystal à Electrons in a crystal + impurity



Concept of KKR

Tessellation of space in atomic cells

Local scattering solution of Schrödinger’s equation 
in each cell (spherical wave representation)

Multiple scattering of waves among atoms
à Coupling of local solutions

g(~r, ~r0; E) = � 1

4⇡

eik|~r�~r0|

|~r � ~r0| = �i
p

E
X

L

jl(r<; E) hl(r>; E) YL(~r) YL(~r 0)
<latexit sha1_base64="jOkLUFIMlA0ZVjZYyqUtMl2P0cw="></latexit>

 ~k(~r) = ei~k·~r = 4⇡
X

L
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<latexit sha1_base64="tyGIwH0cPGJdiDTM/p80AmPz7O8="></latexit>

Starting point:
Free electron wave function

Free electron Green function

L ⌘ (l,m)
<latexit sha1_base64="AIPknBgQXqKzm2NJmHp8KtG2IVI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MWDhwr2A9qlZNNsG5pkt0m2UEp/hxcPinj1x3jz35i2e9DWBwOP92aYmRfEnGnjut9OZm19Y3Mru53b2d3bP8gfHtV1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAZ3M78xokqzSD6ZcUx9gXuShYxgYyX/oU2HCRuhIr8Q5518wS25c6BV4qWkACmqnfxXuxuRRFBpCMdatzw3Nv4EK8MIp9NcO9E0xmSAe7RlqcSCan8yP3qKzqzSRWGkbEmD5urviQkWWo9FYDsFNn297M3E/7xWYsIbf8JknBgqyWJRmHBkIjRLAHWZosTwsSWYKGZvRaSPFSbG5pSzIXjLL6+SernkXZbKj1eFym0aRxZO4BSK4ME1VOAeqlADAkN4hld4c0bOi/PufCxaM046cwx/4Hz+AIZ2kUg=</latexit>



Scattering from a single potential

Green 
function:

Regular
solution

Irregular
solution

Free-space 
Green 
function:

Bessel 
function

Hankel 
function

G(~r, ~r 0; E) = �i
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E
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L
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Outgoing 
(scattered) 

waves
S

Incoming wave

V (r)



Scattering from a single potential

Green 
function:

Regular
solution

Irregular
solution

Free-space 
Green 
function:

Bessel 
function

Hankel 
function

G(~r, ~r 0; E) = �i
p

E
X

L

Rl(r<; E) Hl(r>; E) YL(~r) YL(~r 0)

g(~r, ~r 0; E) = �i
p

E
X

L

jl(r<; E) hl(r>; E) YL(~r) YL(~r 0)

L := (l,m)

Outgoing 
(scattered) 

waves
S

Incoming wave

V (r)

tl(E) =

Z
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d3r jl(
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Crystal electron Green function:

Expanded as:

KKR representation of GF

Free electrons:

Structural Green functions

``Single-site’’
(atom in constant potential)

``Back-scattering’’
(contribution of all other atoms)

�
�r2 + V n(~r) � E

�
G(~r + ~Rn, ~r 0 + ~Rn0
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A

B

C

D

E

F

Algebraic Dyson equation

Dyson eq.: Green functions

Algebraic Dyson eq.: structural Green functions

Interpretation: propagation over all scattering paths

G(E) = g(E) + g(E) Vcryst G(E)

Gnn0
LL0(E) = gnn0
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X
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000

l000 gn000n0
L000L0 + · · ·

GBA = gBA

+ gBC tC gCA

+ · · ·



Summary of algorithm for 
valence-electron  charge density

Potential V à solutions R, H and t-matrix

Solve algebraic Dyson eq. for

Compute Green function

Charge density in cell n:
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Impurity atoms in crystals 
Reference system → New system

No periodic supercell needed

Dyson eq.:

Crystal Impurity in crystal

G(E) = (E � H0 ��V )�1

= [1 � G0(E)�V ]
�1

G0(E)

Computational effort depends on the number of perturbed atomic potentials N : O(N3)

G = G0 + G0 �V G

= G0 + G0 �V G0 + G0 �V G0 �V G0 + G0 �V G0 �V G0 �V G0 + · · ·
= G0 + G0 [ �V + �V G�V ] G0

:= G0 + G0 T G0
T is confined in the perturbed region



Impurity atoms in crystals 

G(~r + ~Rn, ~r 0 + ~Rn0
; E) =
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<latexit sha1_base64="I2M1/nNfLj1hKMw7Ujds+bef0hs="></latexit>

Green function and Dyson equation for the impurity system

Summation only for the sites where t-matrix differs (impurities & surrounding atoms)

Size of linear system to solve: DIMENSION = Nat ⇥ (2l + 1)2
<latexit sha1_base64="CRF4KZH2wZogRub82Gv6lgdu3bg=">AAACF3icbVDJSgNBFOyJW4xb1KOXxiBEhDATBb0IwQXMwRjRLJCJoafTkzTpWeh+I4Qhf+HFX/HiQRGvevNv7CwHjRY0FFXv8brKCQVXYJpfRmJmdm5+IbmYWlpeWV1Lr29UVRBJyio0EIGsO0QxwX1WAQ6C1UPJiOcIVnN6p0O/ds+k4oF/C/2QNT3S8bnLKQEttdI52yPQBYjPipfnpZviVWlwXGrFtvQwgQG2gXtM4Wxe7Fm7d3ncSmfMnDkC/kusCcmgCcqt9KfdDmjkMR+oIEo1LDOEZkwkcCrYIGVHioWE9kiHNTT1iT7XjEe5BnhHK23sBlI/H/BI/bkRE0+pvufoyWEKNe0Nxf+8RgTuUTPmfhgB8+n4kBsJDAEeloTbXDIKoq8JoZLrv2LaJZJQ0FWmdAnWdOS/pJrPWfu5/PVBpnAyqSOJttA2yiILHaICukBlVEEUPaAn9IJejUfj2Xgz3sejCWOys4l+wfj4Bub8ndI=</latexit>
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a much more elegant method is to Fourier transform the
STM image. The 2D power spectrum of Fig. 1~a!, shown in
Fig. 1~b!, reveals that the waves are characterized by a single
magnitude wave vector that is azimuthally symmetric about
the center. The 2D Brillouin zone of Cu~111! is shown in
Fig. 1~c!. Previous ARPES studies have determined the
Fermi wave vector (kF) of this Shockley-type surface state
to be 0.217 Å21.9 Within experimental uncertainty, this
magnitude is half the radius of the ring measured in the FT-
STM image ~kF vs 2kF as measured from the ARPES and
FT-STM techniques, respectively!.
As is readily apparent, this FT-STM technique provides a

fast and accurate method of determining the 2D FC, but be-
fore proceeding further it is important to discuss the details
of the measurement. The STM image shown in Fig. 1~a! was
acquired in a low-bias tunneling condition ~5 mV!, so the
observed waves do not reflect true Friedel oscillations, but
rather what we refer to as the energy-resolved Friedel oscil-
lations, that is, oscillations in the local density of states very
near the Fermi level. The importance of this distinction can
be illustrated using an exactly solvable model representing a
step on a surface. Following the approach of Avouris and
co-workers,8 the step is modeled as a hard wall and the 2D
electronic states are represented by a free-electron band with
the Fermi wave vector kF . In this case the charge density
can be determined to be

r~x !5en0$122@J1~2kFx !#/~2kFx !%, ~1!

where J1 is the first-order spherical Bessel function and n0 is
the constant 2D electron density of an undisturbed free-
electron gas. The dotted curve of Fig. 2~a! shows the calcu-
lated charge-density profile from Eq. ~1! as a function of the
distance x from the hard wall. This reveals the Friedel oscil-
lations with a wave vector q52kF , falling off with distance
from the step as 1/x3/2. From the FT of Eq. ~1!, shown as the
dotted curve in Fig. 2~b!, it is evident that the true Friedel
oscillations contain every wave vector from k50 to 2kF ,
with a tail above 2kF resulting from the power-law depen-

dence of the Friedel oscillations. If we had imaged true Frie-
del oscillations for Cu~111!, the FT shown in Fig. 1~b! would
have been a solid disk of radius 2kF , not a ring.
Referring to the STM experimental observations, the

energy-resolved charge density ~i.e., local density of states!
is derived from Eq. ~1! and is found to be

n0@E~k !,x#}$12J0@2k~E !x#%. ~2!

The FT of this equation can be evaluated analytically, yield-
ing an important fact that the intrinsic momentum resolution
of the energy-resolved Friedel oscillations is perfect, i.e.,
Dk50. However, in an actual measurement there is always a
finite bias. The low-bias image can be simulated by integrat-
ing over the allowed states within the energy window of
interest. Since the bias in Fig. 1~a! is 5 mV and the Cu~111!
surface-state bandwidth is 400 meV, the result of integrating
Eq. ~2! over an energy window of the width 0.1 EF is shown
in Fig. 2~a!. It is evident that the amplitude of the oscillations
is much larger than for the true Friedel oscillations, and,
furthermore, the falloff is slower, going as 1/x1/2. To further
illustrate the difference, the FT of Eq. ~2! is shown as the
solid curve in Fig. 2~b!, and a single peak at q52kF is
clearly seen. Experimentally, the larger amplitude and the
slower falloff of the energy-resolved Friedel oscillations, ac-
quired at low-bias voltages, facilitate easier observation of
the perturbed charge density in order to extract FC informa-
tion and circumvent the inherent difficulties of imaging the
total charge oscillations using larger bias voltages.6
Utilizing this approach, the capabilities of the FT-STM

are further illustrated by looking at two different faces of
beryllium, whose surface electronic properties resemble true
2D metallic systems due to the low ~high! bulk ~surface!
density of states at EF .10–12 Figures 3~a! and 3~b! show a
FT-STM image of the Be~0001! surface at 150 K and the
corresponding 2D Brillouin zone indicating the 2D Fermi
surface.12 Due to the short wavelength of the Friedel waves
in the present case ~lBe~0001!53.2 Å vs lCu~111!'15 Å!, the
circularly centered FC of the surface state extends through-
out much of the reciprocal unit cell. As indicated in the fig-
ure, the FT-STM image also reveals ‘‘spots’’ corresponding
to the reciprocal lattice of the Be~0001! atomic array. This
fact allows an internal calibration to a quantitative measure-
ment of the surface wave vector. As in the case of close-

FIG. 1. ~a! Constant current STM image (4253550 Å2) of
Cu~111! obtained at V525 mV, T5150 K, showing a complex
pattern of circular waves extending out from point defects. ~b! 2D
Fourier transform of the image in ~a!. ~c! Sketch of the surface
Brillouin zone of Cu~111! with the Fermi contour.

FIG. 2. Induced charge oscillations from a hard wall in 2D. ~a!
A plot of the calculated induced charge oscillations; dotted ~solid!
curve is the ~energy-resolved! Friedel oscillation represented by Eq.
~1! @integration of Eq. ~2! over 0.1 EF energy window#; ~b! a plot of
the FT of the curves in ~a! ~solid curve is with bias voltage of eV
50.1 EF!.

RAPID COMMUNICATIONS

57 R6859DIRECT IMAGING OF THE TWO-DIMENSIONAL FERMI . . .

Exp.: Cu (111) surface
Petersen et al., PRB 57, 
R6858 (1998)

KKR calculation (Co in Cu surface)
Samir Lounis, PhD thesis (RWTH Aachen)

Application: Density oscillations



Other applications

Conductance in a junction:

Exchange constants in ferromagnets

Heisenberg model:
i j

J i j

S S´

� = � e2~3

8⇡m2

Z

S

dS

Z

S0
dS0 G(r, r 0; EF )

 !r z
 !r 0

zG
⇤(r, r 0; EF )

<latexit sha1_base64="7+wTJaXDQsxVJNnP/IwiqnsDqGk="></latexit>

J = ��U
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Vision: Electronic structure learning
as integrated, high-level multiscale workflows

Atomic Features
A = {⃗ri ,ai , G⃗, S⃗i , . . . }

First-Principles Simulator
Codes

Primary Output
n(⃗r), V (⃗r)

Secondary Output
Etot , DOS, Jij ’s, . . .

Tertiary Output
Tc , S⃗i ’s, . . .

Representation
|A;λµ⟩

Secondary Emulator

Magnetic properties

Multiscale simulator

-Spirit

Primary Emulator

Charge density, potentialvectors, tensors

symmetries

train

HTC & AL

train

Better “initial guess”
for fast SCF convergence

Magnetic property prediction
(ML-Exc) for spin dynamics

Slide 8



Project “Better initial guess”
-KKR workflows

a

aRüßmann, Bertoldo, and Blügel 2021.

kkr_imp_wc (2372)
State: finished
Exit Code: 0

kkr_flex_wc (2376)
State: finished
Exit Code: 0

CALL_WORK
CALL

update_params_wf (2388)
State: finished
Exit Code: 0

CALL_CALC
CALL

update_params_wf (2391)
State: finished
Exit Code: 0

CALL_CALC
CALL

change_struc_imp_aux_wf (2393)
State: finished
Exit Code: 0

CALL_CALC
CALL

kkr_startpot_wc (2396)
State: finished
Exit Code: 0

CALL_WORK
CALL

neworder_potential_wf (2408)
State: finished
Exit Code: 0

CALL_CALC
CALL

kkr_imp_sub_wc (2410)
State: finished
Exit Code: 0

CALL_WORK
CALL

Dict (2442)

RETURN
last_calc_output_parameters

SinglefileData (2444)
out_potential

RETURN
converged_potential

Dict (2447)

RETURN
last_calc_info

create_out_dict_node (2449)
State: finished
Exit Code: 0

CALL_CALC
CALL

Dict (2450)

RETURN
workflow_info

Code (42)
kkr.x@claix18

INPUT_WORK
kkr

kkr_scf_wc (2278)
State: finished
Exit Code: 0

INPUT_WORK
kkr

kkr_startpot_wc (2284)
State: finished
Exit Code: 0

INPUT_WORK
kkr

KkrCalculation (2298)
State: finished
Exit Code: 0

INPUT_CALC
code

KkrCalculation (2302)
State: finished
Exit Code: 0

INPUT_CALC
code

KkrCalculation (2309)
State: finished
Exit Code: 0

INPUT_CALC
code

KkrCalculation (2316)
State: finished
Exit Code: 0

INPUT_CALC
code

Code (43)
kkrflex.exe@claix18

INPUT_WORK
kkrimp

Code (50)
voronoi.exe@localhost

INPUT_WORK
voronoi

INPUT_WORK
voronoi

INPUT_WORK
voronoi

VoronoiCalculation (2288)
State: finished
Exit Code: 0

INPUT_CALC
code

Dict (2274)

INPUT_WORK
calc_parameters

update_params_wf (2281)
State: finished
Exit Code: 0

INPUT_CALC
parameternode

StructureData (2275)
Cu

INPUT_WORK
structure

INPUT_WORK
structure

INPUT_CALC
structure

Dict (2276)

INPUT_WORK
options

Dict (2277)

INPUT_WORK
wf_parameters

CALL_CALC
CALL

CALL_WORK
CALL

Dict (2294)

RETURN
results_vorostart

update_params_wf (2296)
State: finished
Exit Code: 0

CALL_CALC
CALL

CALL_CALC
CALL

CALL_CALC
CALL

update_params_wf (2307)
State: finished
Exit Code: 0

CALL_CALC
CALL

CALL_CALC
CALL

update_params_wf (2314)
State: finished
Exit Code: 0

CALL_CALC
CALL

Dict (2315)

RETURN
last_InputParameters

CALL_CALC
CALL

RemoteData (2317)
@claix18

RETURN
last_RemoteData

Dict (2319)

RETURN
last_calc_out

Dict (2320)

RETURN
output_kkr_scf_wc_ParameterResults

create_scf_result_node (2321)
State: finished
Exit Code: 0

CALL_WORK
CALL

Dict (2279)

INPUT_WORK
options

Dict (2280)

INPUT_CALC
updatenode

Dict (2282)

CREATE
result

INPUT_WORK
calc_parameters

update_params_wf (2286)
State: finished
Exit Code: 0

INPUT_CALC
parameternode

Dict (2283)

INPUT_WORK
wf_parameters

CALL_CALC
CALL

Dict (2287)

RETURN
last_params_voronoi

CALL_CALC
CALL

RemoteData (2289)
@localhost

RETURN
last_voronoi_remote

Dict (2291)

RETURN
last_voronoi_results

create_out_dict_node (2293)
State: finished
Exit Code: 0

CALL_CALC
CALL

RETURN
results_vorostart_wc

Dict (2285)

INPUT_CALC
updatenode

CREATE
result

INPUT_CALC
parameters

INPUT_CALC
last_params_voronoi

INPUT_CALC
parameternode

CREATE
remote_folder

CREATE
output_parameters

INPUT_CALC
last_voronoi_remote

INPUT_CALC
parent_folder

INPUT_CALC
last_voronoi_results

Dict (2292)

INPUT_CALC
out_node

CREATE
result

INPUT_WORK
results_vorostart

Dict (2295)

INPUT_CALC
updatenode

Dict (2297)

CREATE
result

INPUT_CALC
parameters

INPUT_CALC
parameters

INPUT_CALC
parameternode

RemoteData (2299)
@claix18

CREATE
remote_folder

INPUT_CALC
parent_folder

RemoteData (2303)
@claix18

CREATE
remote_folder

INPUT_CALC
parent_folder

Dict (2306)

INPUT_CALC
updatenode

Dict (2308)

CREATE
result

INPUT_CALC
parameters

INPUT_CALC
parameternode

RemoteData (2310)
@claix18

CREATE
remote_folder

INPUT_CALC
parent_folder

Dict (2313)

INPUT_CALC
updatenode

CREATE
result

INPUT_CALC
parameters

INPUT_WORK
last_InputParameters

CREATE
remote_folder

CREATE
output_parameters

INPUT_WORK
remote_data_host

INPUT_WORK
last_RemoteData

INPUT_WORK
last_calc_out

INPUT_WORK
outpara

RETURN
results_vorostart

RETURN
last_InputParameters

RETURN
last_RemoteData

RETURN
last_calc_out

RETURN
output_kkr_scf_wc_ParameterResults

Dict (2370)

INPUT_WORK
impurity_info

Dict (2371)

INPUT_WORK
options

update_params_wf (2378)
State: finished
Exit Code: 0

CALL_CALC
CALL

KkrCalculation (2380)
State: finished
Exit Code: 0

CALL_CALC
CALL

RemoteData (2381)
@claix18

RETURN
GF_host_remote

create_out_dict_node (2385)
State: finished
Exit Code: 0

CALL_CALC
CALL

Dict (2386)

RETURN
workflow_info

Dict (2379)

CREATE
result

INPUT_CALC
parameters

CREATE
remote_folder

FolderData (2382)

CREATE
retrieved

Dict (2383)

CREATE
output_parameters

INPUT_CALC
GF_host_remote

INPUT_WORK
remote_data

KkrimpCalculation (2415)
State: finished
Exit Code: 0

INPUT_CALC
host_Greenfunction_folder

KkrimpCalculation (2421)
State: finished
Exit Code: 0

INPUT_CALC
host_Greenfunction_folder

KkrimpCalculation (2427)
State: finished
Exit Code: 0

INPUT_CALC
host_Greenfunction_folder

KkrimpCalculation (2433)
State: finished
Exit Code: 0

INPUT_CALC
host_Greenfunction_folder

KkrimpCalculation (2439)
State: finished
Exit Code: 0

INPUT_CALC
host_Greenfunction_folder

CREATE
result

INPUT_CALC
gf_writeout

Dict (2389)

CREATE
result

INPUT_WORK
wf_parameters

Dict (2392)

CREATE
result

INPUT_WORK
calc_parameters

update_params_wf (2398)
State: finished
Exit Code: 0

INPUT_CALC
parameternode

StructureData (2394)
Ag

CREATE
result

INPUT_WORK
structure

VoronoiCalculation (2400)
State: finished
Exit Code: 0

INPUT_CALC
structure

CALL_CALC
CALL

Dict (2399)

RETURN
last_params_voronoi

CALL_CALC
CALL

RemoteData (2401)
@localhost

RETURN
last_voronoi_remote

Dict (2403)

RETURN
last_voronoi_results

create_out_dict_node (2405)
State: finished
Exit Code: 0

CALL_CALC
CALL

Dict (2406)

RETURN
results_vorostart_wc

CREATE
result

INPUT_CALC
parameters

INPUT_CALC
last_params_voronoi

CREATE
remote_folder

FolderData (2402)

CREATE
retrieved

CREATE
output_parameters

INPUT_CALC
last_voronoi_remote

INPUT_CALC
parent_calc_folder2

INPUT_CALC
last_voronoi_results

CREATE
result

INPUT_CALC
results_startpot_workflow

SinglefileData (2409)
potential_imp

CREATE
result

INPUT_WORK
host_imp_startpot

kick_out_corestates_wf (2413)
State: finished
Exit Code: 0

INPUT_CALC
potential_sfd

CALL_CALC
CALL

CALL_CALC
CALL

extract_imp_pot_sfd (2419)
State: finished
Exit Code: 0

CALL_CALC
CALL

CALL_CALC
CALL

extract_imp_pot_sfd (2425)
State: finished
Exit Code: 0

CALL_CALC
CALL

CALL_CALC
CALL

extract_imp_pot_sfd (2431)
State: finished
Exit Code: 0

CALL_CALC
CALL

CALL_CALC
CALL

extract_imp_pot_sfd (2437)
State: finished
Exit Code: 0

CALL_CALC
CALL

CALL_CALC
CALL

extract_imp_pot_sfd (2443)
State: finished
Exit Code: 0

CALL_CALC
CALL

RETURN
host_imp_pot

create_out_dict_node (2446)
State: finished
Exit Code: 0

CALL_CALC
CALL

RETURN
workflow_info

SinglefileData (2414)
potential_imp

CREATE
result

INPUT_CALC
impurity_potential

RemoteData (2416)
@claix18

CREATE
remote_folder

FolderData (2417)

CREATE
retrieved

Dict (2418)

CREATE
output_parameters

INPUT_CALC
parent_calc_folder

INPUT_CALC
KkrimpCalc0

INPUT_CALC
retrieved_folder

SinglefileData (2420)
out_potential

CREATE
result

RemoteData (2422)
@claix18

CREATE
remote_folder

FolderData (2423)

CREATE
retrieved

Dict (2424)

CREATE
output_parameters

INPUT_CALC
parent_calc_folder

INPUT_CALC
KkrimpCalc1

INPUT_CALC
retrieved_folder

SinglefileData (2426)
out_potential

CREATE
result

RemoteData (2428)
@claix18

CREATE
remote_folder

FolderData (2429)

CREATE
retrieved

Dict (2430)

CREATE
output_parameters

INPUT_CALC
parent_calc_folder

INPUT_CALC
KkrimpCalc2

INPUT_CALC
retrieved_folder

SinglefileData (2432)
out_potential

CREATE
result

RemoteData (2434)
@claix18

CREATE
remote_folder

FolderData (2435)

CREATE
retrieved

Dict (2436)

CREATE
output_parameters

INPUT_CALC
parent_calc_folder

INPUT_CALC
KkrimpCalc3

INPUT_CALC
retrieved_folder

SinglefileData (2438)
out_potential

CREATE
result

RemoteData (2440)
@claix18

CREATE
remote_folder

FolderData (2441)

CREATE
retrieved

CREATE
output_parameters

INPUT_CALC
KkrimpCalc4

INPUT_CALC
retrieved_folder

CREATE
result

INPUT_CALC
final_imp_potential

CREATE
result

INPUT_CALC
results_scf_workflow

CREATE
result



Project “Better initial guess”
Data generation

Data 10’000 impurity embeddings into elemental
crystals

Target Electron potential difference ∆Vimp (⃗r)

X
X

H
H

Li
Li

Be
Be

B
B

C
C

N
N

O
O

F
F

N
a

N
a

M
g

M
g

Al
Al

Si
Si

P
P

S
S

C
l

C
l

K
K

C
a

C
a

Sc
Sc

Ti
Ti

V
V

C
r

C
r

M
n

M
n

Fe
Fe

C
o

C
o

N
i

N
i

C
u

C
u

Zn
Zn

G
a

G
a

G
e

G
e

As
As

Se
Se

R
b

R
b

Sr
Sr

Y
Y

Zr
Zr

N
b

N
b

M
o

M
o

Tc
Tc

R
u

R
u

R
h

R
h

Pd
Pd

Ag
Ag

C
d

C
d

In
In

Sb
Sb

Te
Te

C
s

C
s

Ba
Ba

La
La

H
f

H
f

Ta
Ta

R
e

R
e

O
s

O
s

Ir
Ir

Pt
Pt

Au
Au

H
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H
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Be Be
Mg Mg
Al Al
K K

Ca Ca
Sc Sc
Ti Ti
V V

Cr Cr
Mn Mn
Fe Fe
Co Co
Ni Ni

Cu Cu
Zn Zn
Rb Rb
Sr Sr
Y Y
Zr Zr

Nb Nb
Mo Mo
Tc Tc

Ru Ru
Pd Pd
Ag Ag
Cd Cd
Cs Cs
Ba Ba
Hf Hf
Ta Ta
W W

Re Re
Os Os

Ir Ir
Pt Pt

Au Au
Tl Tl

Pb Pb

1 4 4 5 4 5 5 5 1 3 1 1 2 2 4 2 3 5 5 4 4 4 4 4 3 1 1 1 1 2 2 3 3 2 1 2 2 1 1 1 5 1 1 1 1 1 1 1 5
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4 4 4 4 4 4 4 3 4 4 3 3 4 3 3 4 4 3 4 4 4 4 4 3 2 3 4 4 3 4 3 4 2 5 4 3 4 4 4 3 4 4 4 4 4 4 4 3 4 3 4 2 3 4 4 3 4 3
4 4 3 4 4 4 4 4 3 2 4 3 4 4 4 3 2 4 2 4 4 4 3 4 4 4 4 4 2 4 4 3 4 3 4 4 4 4 4 4 4 4 3 4 1 4 3 4 4 4 4 4 4 4 4 4 4 4
2 4 4 4 4 3 3 4 4 4 4 4 4 4 4 4 3 4 4 4 4 4 4 4 4 3 4 4 4 3 3 2 1 4 4 3 4 4 3 3 4 3 4 3 4 3 3 3 4 3 4 4 4 4 4 3
4 4 4 4 4 4 4 4 4 3 3 4 4 4 3 3 3 3 4 4 3 3 4 4 3 4 4 2 4 3 4 2 3 3 4 4 4 4 4 4 4 4 1 4 4 4 3 2 4 4 3 3 4 4 4 3
3 4 4 4 4 4 3 2 4 3 4 4 3 4 4 4 2 4 3 4 4 4 4 4 4 4 4 2 4 4 4 2 3 2 4 4 4 2 4 3 4 4 1 4 4 4 2 3 3 4 4 4 4 3 4 3
5 4 5 4 4 5 5 4 5 2 5 5 4 5 4 4 1 3 4 3 4 3 5 5 4 5 4 4 2 4 5 5 2 2 4 4 4 5 4 5 5 4 5 1 4 3 4 2 3 5 5 5 4 5 4 4 5
5 5 5 3 3 5 5 3 3 3 5 4 5 5 5 4 3 4 2 4 5 4 5 5 5 5 5 1 3 4 4 1 2 4 4 4 5 5 4 5 5 5 1 4 3 5 2 3 3 4 4 5 4 5 4 4
4 5 5 5 5 4 5 4 4 4 5 5 5 5 5 4 2 3 3 5 4 5 5 5 3 5 5 5 2 4 4 5 2 4 4 5 5 5 5 5 5 4 5 2 4 2 4 1 3 4 5 5 4 5 5 4 5 5
4 4 5 5 5 4 5 4 5 4 5 5 5 5 5 4 2 3 4 5 5 5 5 5 4 4 5 5 3 3 5 5 2 3 5 5 5 5 5 4 5 5 4 3 5 4 4 2 3 4 5 5 5 5 3 5 5 4
5 5 5 4 5 5 5 4 5 4 5 5 5 5 5 5 5 3 4 4 5 5 5 4 5 4 5 5 4 4 5 5 5 1 3 3 5 4 4 5 4 5 5 5 5 5 5 5 5 5 4 5 5 5 5 5 5 5 5
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1
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4

5

Dataset map. Rows: Element of host crystal, columns: impurity

atom, color: num. calculations.

V (m)

V (0)
L=0

G = G0 + G0 ∆V G ρ

Green function G(E) = (E −H)−1

Perturbed system H = H0 + ∆V

V (m+1)

V (M)

not converged

Spherical impurity potentials in first Voronoi cell of Hg:X embeddings,

left upper to bottom right: V , V−V 0, |V |, |V−V 0|.



The Jacobi-Legendre framework1

for electronic structure representation

1Michelangelo Domina 2024.



Atom-based JLCDM

The full KKR potential is expanded in real-space Voronoi (Wigner-Seitz) cells around each
atom and convoluted with shape functions

V (⃗r) =
∑

L

VL(r)YL(⃗r) with VLL′(r) =
∑

L′′

CLL′L′′VL′′(r)

V n (⃗r) = V (⃗r + R⃗n)Θ(⃗r) with Θ(⃗r) =
∑

L

Θn
L(r)YL(⃗r)

Idea: Expand the Jacobi-Legendre grid description at each atom, instead of each grid point.

V (⃗r) =
∑

i

∑

n

anP̃ ig
n +

∑

ij

∑

n1,n2,L

an1,n2,i P̄
ig
n1P̄

ij
n2P

ijg
L

Angular expansion
∫

PL(r̂gi · r̂gj)Y (r̂gi)dr̂ −→
∫

PL(r̂ij · r̂ig)Y (r̂ig)dr̂



Vision: Electronic structure learning
as integrated, high-level multiscale workflows

Atomic Features
A = {⃗ri ,ai , G⃗, S⃗i , . . . }

First-Principles Simulator
Codes

Primary Output
n(⃗r), V (⃗r)

Secondary Output
Etot , DOS, Jij ’s, . . .

Tertiary Output
Tc , S⃗i ’s, . . .

Representation
|A;λµ⟩

Secondary Emulator

Magnetic properties

Multiscale simulator

-Spirit

Primary Emulator

Charge density, potentialvectors, tensors

symmetries

train

HTC & AL

train

Better “initial guess”
for fast SCF convergence

Magnetic property prediction
(ML-Exc) for spin dynamics

Slide 13



Topological insulators and magnetic impurities
H

enk et al., P
R

L 109
, 07680

1 (2012)

o Magnetic doping of topological 
insulators (TIs) can induce a 
topological phase transition

• Ferromagnetic ordering

• Out-of-plane anisotropy

S
. O

h, S
cience

340
, 153 (2013)

(QSHE)

� Topological insulator

Two counter propagating 
edge states

(QAHE)
One single edge state



Project “ML-Exc”
Magnetic co-doping of topological insulators

Bi2Te3 Dimer clusters of 3d , 4d transition metal defects

Bi1

Bi2

QL

(a)

Y

Z

X

Mn Mn

1-1:1 (R=4.38 Ang.)

Mn

Mn

1-2:0 (R=4.79 Ang.)

Mn

Mn

1-2:1 (R=6.10 Ang.)

Mn Mn

1-1:6 (R=11.60 Ang.)

Mn

Mn

1-2:9 (R=11.76 Ang.)

Mn

Mn

1-1:7 (R=12.17 Ang.)

, [···

···], 

Mn

Mn

1-2:2 (R=6.49 Ang.)

Mn

Mn

1-1:5 (R=11.35 Ang.)

Single-impurity dabase, N=2’000.
go.fzj.de/judit

Dimer database, N=2’000a.

Co-doping can help to control

critical Tc of QAHE
exchange splitting ∆xc

long-range magnetic ordering

for applications in spintronics and
fault-tolerant quantum computing.

aMozumder et al. 2024.

https://go.fzj.de/judit


Project “ML-Exc”
-KKR workflows2

r_offset

co
m
bi
n
e_

im
p
s_
w
c

kkr_imp_scf_wc

Extended Heisenberg Hamiltonian. H = − 1
2

∑
i,j Jij S⃗i · S⃗j − 1

2

∑
i,j D⃗ij ·

(
S⃗i × S⃗j

)

Exchange constants from method of infinitesimal rotations1. Jij = − 1
π Im

∫ EF

−∞ dE Tr[δtiGijδtjGji ]

1Liechtenstein et al. 1987.
2Rüßmann, Bertoldo, and Blügel 2021.



(a) (b) (c)

(d) (e) (f)

Jij (meV)

1-2:0

1-1:1

1-2:2



Spin dynamics with - 1

r_offset
co

m
bi
n
e_

im
p
s_
w
c

kkr_imp_scf_wc

Liechtenstein formula

Jij = −1
π
Im

∫ EF

−∞
dE Tr[δtiGijδtjGji ]

ML-IAP approach.
Ek =

∑
k Ek −→ Jij =

∑
k

(
Jij
)

k

Landau-Lifshitz-Gilbert equation

∂S⃗i

∂t
= −γ′S⃗i × B⃗eff

i − λS⃗i ×
(

S⃗i × B⃗eff
i

)

juspin.de

1Rüßmann, Ribas Sobreviela, et al. 2022.

https://juspin.de


Project “ML-Exc”
Model selection

Model Citation Type CSSP NN Defects Spin Symmetry
AutoML Conrad et al. 2022 Composition X - -
Coulomb matrix Rupp et al. 2012 Descriptor - explicit
SOAP Bartók, Kondor, and Csányi 2013 Descriptor - explicit
Alchemical SOAP Lopanitsyna et al. 2023 Potential X - explicit
Disordered SOAP Sommer et al. 2023 Descriptor X - explicit
GAP Bartók, Payne, et al. 2010 Potential X ? explicit
ACE Bochkarev et al. 2022 Potential - explicit
MEGNetSparse Kazeev et al. 2023 Potential X X X - explicit
MACE Batatia, Kovács, et al. 2022 Potential X X - explicit
MACE-MP Batatia, Benner, et al. 2023 UIP X X - explicit
Magnetic ACE Rinaldi et al. 2024 Potential noco explicit
SpinGNN++ Yu et al. 2024 Potential X X noco explicit
CHGNet Deng et al. 2023 UIP X X coll explicit
SNRep M. Domina, Cobelli, and Sanvito 2022 Potential coll explicit
PET Pozdnyakov and Ceriotti 2024 Potential ? X coll approximate



Project “ML-Exc”
Tensorial interaction

Heisenberg Hamiltonian in tensor form.

HH = −
∑

j>i

m⃗i · Jijm⃗j

Tensor components: isotropic, anti-symmetric (DMI) and anisotropic or traceless symmetric part
(neglected so far).

Jij = Jij1 + J A
ij + J S

ij

with Jxx
ij = Jyy

ij = Jzz
ij = 1

3 Jij and

J A
ij =




0 Jxy
ij Jxz

ij
Jyx

ij 0 Jyz
ij

Jzx
ij Jzy

ij 0


 =




0 Jxy
ij −Jzx

ij
−Jxy

ij 0 Jyz
ij

Jzx
ij −Jyz

ij 0


 =




0 −Dz
ij Dy

ij
Dz

ij 0 −Dx
ij

−Dy
ij Dx
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HIGHER-ORDER SPIN INTERACTION
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Kijkl
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⌘
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(The chiral-chiral interaction term)

M. Hoffmann et al., Phys. Rev. B 101, 024418 (2020). 
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H1 =
X

ij

0
JijŜi · Ŝj (The bilinear term)

(The biquadratic term)

(The ring exchange interaction term)

(The 4-spin—3-site interaction term)

S. Grytsiuk et al., Nat. Commun. 11, 511 (2020). 

D. J. Thouless, Proc. Phys. Soc. 86, 893 (1965) 

M. Takahashi, J. Phys. C: Solid State Phys. 10, 1298  (1977). 

P. W. Anderson, in Magnetism Vol. 1 (Academic Press, 1963): C. Kittel, Phys. Rev. 120, 335 (1960).

W. Heisenberg, Z. Physik 49, 619 (1928): P. W. Anderson, Phys. Rev. 79, 350 (1950)

<latexit sha1_base64="8fdqzyo6N1st7Epw4gTgFJO+ubA="></latexit>X

i,j,k

0 ⇣
Ŝi · Ŝj

⌘⇣
Ŝj · Ŝk

⌘⇣
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(6-spin—3-site interaction term)
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Spin Hamiltonian
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<latexit sha1_base64="gu9EyR265wOeQvtsWqq9BWZ2eEM="></latexit>

Dbl
12 · (Ŝ1 ⇥ Ŝ2)
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RELATIVISTIC EXCHANGE INTERACTION



Community resources
Best of atomistic machine learning

Largest list of atomistic ML tools on the web
(400+), auto-ranked, regular updatesa

go.fzj.de/baml
aWasmer et al. 2023.

https://go.fzj.de/best-of-aml
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Solution in k- space for periodic 
systems

Fourier transformation of G, g 

Matrix inversion

On-site term for charge density
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00
l00 (E) Gn00n0

L00L0(E)
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X

L00

gLL00(~k; E) tl00(E) GL00L0(~k; E)
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⌘�1
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�

LL0

Gnn
LL0(E) =

1

VBZ

Z

BZ

d3k GLL0(~k; E)

[G] = [g] + [g] · [t] · [G]



Core states

Semicore
states

Valence states

Position x in crystal

En
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 / 
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nt
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l

DOS

E

V(x)

Framework:
One-electron states in a crystal

Self-consistent field V(x); density-functional theory



Complex energy contour

Integration:
a lot of E-points

Poles

Lorenzian broadening
à Less E-points for integration

ReE

ImE

n(E)

contour
G(E) is analytical
à Integral is the same.

``normal’’ integration
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⇡
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Z EF
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m
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(E

)

1

2

3

ImE1 < ImE2 < ImE3



Tessellation of space in atomic cells

Local solution of Schrödinger’s equation in each cell
(spherical wave representation)

In a sense: “optimal basis functions”

General solution:

Insert into Schrödinger’s eq. to obtain coefficients 

Rl(~r; E) YL(r̂)
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h
�LL0 � tl(E)gLL0(~k; E)

i
cL0(~k; E) = 0
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cL
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 ~k(~r) =
X

L

cL(~k; E) Rl(~r; E) YL(r̂)
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Secular equation

Fourier-transformed coefficients of free-space Green function



Multiple scattering
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Bookkeeping:

1.

4.   Periodic system à Bloch property à k-space

KKR secular equation à

3.  Transformation of Hankel functions:

2.
related by 
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Fermi surfaces, scattering off impurities

T~k~k0 = ( ~k, Vimp 
imp
~k0 )

<latexit sha1_base64="afe+QNBoPrBFaRT74836CXfQxT4="></latexit>

w~k~k0 = 2⇡|T~k~k0 |2 �(E~k � E~k0)
<latexit sha1_base64="Z3QE5N4wTHh3vVBACJeljOruNFA="></latexit>

Lippmann-Schwinger equation

t-matrix (transition amplitude)

Scattering rate

���� $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB ���

'JHVSF ����� %JTUSJCVUJPO PG UIFNPNFOUVN SFMBYBUJPO UJNFT τk GPS TQJO�DPOTFSWJOH TDBUUFSJOH 	MFę

BOE TQJO�ĘJQ TDBUUFSJOHT1,k 	NJEEMF BOE SJHIU
 GPS/J 	UPQ

 ;O 	DFOUFS
 BOE(B 	CPUUPN

JNQVSJUJFT JO GT BU B DPODFOUSBUJPO PG 1% JNQVSJUJFT FNCFEEFE JO B GDD DPQQFS IPTU
DSZTUBM� ćF UISFF ĕHVSFT JO UIF TFDPOE DPMVNO SFQSFTFOU UIF TJUVBUJPO PG TQJO�PSCJU
DPVQMJOH JODMVEFE JO UIF JNQVSJUZ QPUFOUJBM POMZ XIJMF UIF UISFF ĕHVSFT JO UIF UIJSE
DPMVNO BSF SFTVMUT GPS TQJO�PSCJU DPVQMJOH JO UIF IPTU BOE UIF JNQVSJUZ� 'PS τk
 POMZ
WFSZ TNBMM EJČFSFODFT BSF GPVOE JG TQJO�PSCJU DPVQMJOH JT JODMVEFE JO UIF IPTU PS OPU�

Finite lifetime (ps) of Fermi surf. states 
in fcc Cu due to scattering off 1% Zn 
impurities.

���� $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB ���

'JHVSF ����� %JTUSJCVUJPO PG UIFNPNFOUVN SFMBYBUJPO UJNFT τk GPS TQJO�DPOTFSWJOH TDBUUFSJOH 	MFę

BOE TQJO�ĘJQ TDBUUFSJOHT1,k 	NJEEMF BOE SJHIU
 GPS/J 	UPQ

 ;O 	DFOUFS
 BOE(B 	CPUUPN

JNQVSJUJFT JO GT BU B DPODFOUSBUJPO PG 1% JNQVSJUJFT FNCFEEFE JO B GDD DPQQFS IPTU
DSZTUBM� ćF UISFF ĕHVSFT JO UIF TFDPOE DPMVNO SFQSFTFOU UIF TJUVBUJPO PG TQJO�PSCJU
DPVQMJOH JODMVEFE JO UIF JNQVSJUZ QPUFOUJBM POMZ XIJMF UIF UISFF ĕHVSFT JO UIF UIJSE
DPMVNO BSF SFTVMUT GPS TQJO�PSCJU DPVQMJOH JO UIF IPTU BOE UIF JNQVSJUZ� 'PS τk
 POMZ
WFSZ TNBMM EJČFSFODFT BSF GPVOE JG TQJO�PSCJU DPVQMJOH JT JODMVEFE JO UIF IPTU PS OPU�

Crystal momentum Spin

 imp
~k

(~r) =  ~k(~r) +

Z
d3r G0(~r, ~r

0; E)
⇥
V imp(~r) � V cryst(~r)

⇤
 imp

~k
(~r)
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Summary
Green function method: Alternative to the Schrödinger equation

KKR Green function: Expansion in site-dependent scattering waves 
with single-site and multiple-scattering part

G(~r + ~Rn, ~r 0 + ~Rn0
; E) =

� i
p

E
X

L

Rn
L(~r<; E) Hn

L(~r>; E) �nn0 +
X

LL0

Rn
L(~r; E) Gnn0

LL0(E) Rn0
L0(~r 0; E)

Impurity problem: Dyson equation 
Only perturbed sites need recalculation

G(E) = (E � H0 ��V )�1

= [1 � G0(E)�V ]
�1

G0(E)

Large systems > 10000 atoms: Sparse matrices allow for O(N) calculations
(KKR-nano method by R. Zeller et al.)
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Rüßmann, Philipp, Jordi Ribas Sobreviela, et al. (2022). “The AiiDA-Spirit Plugin for Automated

Spin-Dynamics Simulations and Multi-Scale Modeling Based on First-Principles Calculations”.
In: Frontiers in Materials 9. ISSN: 2296-8016. DOI: 10.3389/fmats.2022.825043. URL:
https://www.frontiersin.org/articles/10.3389/fmats.2022.825043.

Slide 20

https://doi.org/10.1103/PhysRevLett.108.058301
https://link.aps.org/doi/10.1103/PhysRevLett.108.058301
https://doi.org/10.1038/s41524-020-00482-5
https://www.nature.com/articles/s41524-020-00482-5
https://doi.org/10.3389/fmats.2022.825043
https://www.frontiersin.org/articles/10.3389/fmats.2022.825043


References VII

Sommer, Timo et al. (Nov. 21, 2023). “3DSC - a Dataset of Superconductors Including Crystal
Structures”. In: Scientific Data 10.1 (1), p. 816. ISSN: 2052-4463. DOI:
10.1038/s41597-023-02721-y. URL:
https://www.nature.com/articles/s41597-023-02721-y.
Wasmer, Johannes et al. (2023). Best of Atomistic Machine Learning. FZJ-2023-05862.

Quanten-Theorie der Materialien. DOI: 10.5281/ZENODO.10430261. URL:
https://juser.fz-juelich.de/record/1020061.
Yu, Hongyu et al. (Jan. 8, 2024). General Time-Reversal Equivariant Neural Network Potential

for Magnetic Materials. DOI: 10.48550/arXiv.2211.11403. arXiv: 2211.11403 [cond-mat,

physics:physics]. URL: http://arxiv.org/abs/2211.11403. Pre-published.

Slide 20

https://doi.org/10.1038/s41597-023-02721-y
https://www.nature.com/articles/s41597-023-02721-y
https://doi.org/10.5281/ZENODO.10430261
https://juser.fz-juelich.de/record/1020061
https://doi.org/10.48550/arXiv.2211.11403
https://arxiv.org/abs/2211.11403
https://arxiv.org/abs/2211.11403
http://arxiv.org/abs/2211.11403

	Introduction
	The KKR method
	Better initial guess
	Machine learning exchange interactions
	Discussion
	References
	References

