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Gorlitz — Jilich collaboration on MALA — JuDFT
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Bliigel" | 'FZ Jiilich PGI-1 2HZDR CASUS MLMD
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Talk held at HZDR-CASUS MLMD group meeting for ongoing collaboration project via HIDA
Trainee Network.

Latest version of slides are here.


https://sites.google.com/view/mlmd
https://iffgit.fz-juelich.de/phd-project-wasmer/presentations/2025-02-11-talk-hzdr-casus

My research organization

Helmholtz Association

= Largest of the four big non-university research
organizations in Germany, 45k employees

= Basic & applied research

= Large facilities, accelerators, supercomputing,
etc.

helmholtz.de/en

Julich Research Centre

= One of the largest in Europe, 7.5k employees

= Helmholtz Research Fields: p Information,
Energy, Earth & Environment, Matter.

= Site of first exascale computer in Europe (2025)

fzj.de/en


https://www.helmholtz.de/en
https://www.fzj.de/en

My funding

This research visit
HIDA Trainee Network

= HELMHOLTZ
I Information & Data
Science Academy

My PhD
HIDA Grad School HDSLEE &
EU Joint Virtual Lab

Al Data Analytics and Scalable Simulations

Join via
cost-daemon.eu

KDAEMON Ccost

@ European network for data-driven
materials science

>WG1:

: Representations and algorithms for

Community standards: data, workflows and
codes for materials design.

materials design for “single-modality” use.

: Multi-modal machine learning methods for

advanced materials design.

: Process-structure-property relationships in

materials. Novel insights and applications.

: Training, Dissemination, Exploitation,

Outreach


https://cost-daemon.eu/

My research group

Division “Quantum Theory of Materials

1]

» Group “Materials for Quantum Information
Technology”

Materials for
CUEL T
information
technology

s

g ‘ g /‘ structure calculations
Stefan Bllgel Philipp
om Expertise DFT, Quantum RuBmann . .
PhD advisor magnetism, Spintronics NeYin Expertlge DFT, Syperconductwﬂy,
Co-advisor Topological materials

Code development

freur Cspitit  JuKKR ~ SAIDA

judft.de // €) JuDFTteam


https://www.fz-juelich.de/profile/bluegel_s
https://orcid.org/0000-0001-9987-4733
https://scholar.google.com/citations?user=qm_TP9YAAAAJ&hl=en
https://www.linkedin.com/in/stefan-bl%C3%BCgel-4b448b177/
https://www.fz-juelich.de/profile/ruessmann_p
https://www.fz-juelich.de/profile/ruessmann_p
https://orcid.org/0000-0002-6196-2700
https://scholar.google.com/citations?user=ZoFQK6AAAAAJ&hl=en
https://github.com/PhilippRue
https://www.linkedin.com/in/philipp-ruessmann
http://judft.de
https://github.com/JuDFTteam

JUDFT codes accuracy

FLEUR and JuKKR are all-electron, full-potential open-source codes.

Materials set: Z=1-56, 72-83 (H to Ba, and Hf to Bi)

FLEUR@LAPW+LO -| + 4 —+ 4 —+-
WIEN2K@(L)APW-+lo+LO | + g + i —+
ABINIT@PW[PseudoDojov05{ -~ e 1 - | e
BigDFT@DW|HGH-K(Valence) - e 1 e e g +—{ o - -
CP2K/Quickstep@TZV2P|GTH - ——T——- o o[- 4 -
GPAW@PW|PAW-v0.9.20000 I 1 -+ 1 N, W
CASTEP@PW|C19MK2 — - 4 et 4 B T
Quantum ESPRESSO@PW|SSSP-prec-v1.3 | et 4 - 4 i
SIESTA@AtOrOptDiamond|PseudoDojo-v0.4 -| ——+—{T}— g - — T+
SIRIUS/CP2K@PW|SSSP-prec-v1.2 - -t 4 - S
VASP@PW|GW-PAW54* - —- 4 —- -
75‘0 72‘5 (‘) 2‘5 5‘0 -20 —1‘0 6 1‘0 2‘0 4‘0 72‘0 (‘] 2‘0 4‘0
V, difference (%) B, difference (%) B, difference (%)
: Z=57-T1 LatoLu)
FLEUR@LAPW+LO i 1 i +
WIEN2K@(L)APW+lo+LO | } B } +
CASTEP@PWICIOMK2| -~ [T 1 - o 4 — s WP B -
Quantum ESPRESSO@PW|SSSP-prec-v1.3-| —L . —{ ~+
VASP@PW|GW-PAWS54* - -~ H B T - -
75‘0 72‘5 (‘) 2‘5 5‘0 -20 —W‘O (5 Wll) Q‘O 74‘0 72‘0 (‘J 2‘0 A‘O
V, difference (%) B, difference (%) B, difference (%)

"Bosoni et al. 2024.
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The Korringa-Kohn-Rostoker Green Function (KKR) method:

'Slides by Prof. Dr. Phivos Mavropoulos, National and Kapodistrian University of Athens, from his guest lecture, given January 19, 2021, in
the graduate course “Density Functional Theory and Electronic Structure”, held by Prof. Dr. Stefan Bllgel, at RWTH Aachen University, winter
semester 2020 / 2021.



Green function: Definition

Time evolution operator Retarded and advanced Green function
, , t)y = iGR(t — )t th<t
’g/}(t) _ e*'LH(tft )lb(t/) 1/)( ) A( )T/’( )
Y(t) =—iGA(t— ()  t<t

Fourier transform - energy-dependent Green function:
oo
G(E) = / G(t) ' PHOt dt = (B +ie — H) ™!
—00
Spectral representation via eigenfunctions-eigenvalues:

|hi) (i i
G(E) _ Z s G(E) can be defined for complex £

(analytical continuation)
K2



Properties of the Green function I:
Analytical properties

Analyticity in the physical sheet Imv E > 0

Poles at the eigenvalues ¢€; and branch cut at the continuum €,

ImE

Find eigenvalues of H <
Locate singularities of G(E)

n(E)

Density of states: | |

(E) LT G(E)
n =——ImlIr

T Bound states E
(core electrons)  Continuum bands



Properties of the Green function II:
Connection to physical properties

Definiton: (E— H)G(E)=1 =
Real-space representation: (E' — H) G(T, 7' E)=46(r— f”)

Expectation values of observables:

((9> — lIm Tr /EZE O G(E) (General expression with Tr)

Im/ /dgr d*r' O(7,7") G(¥',7: E) (Real-space representation)

Charge density:  p(7) = —Im/ dE G(7¥, 7, FE



Properties of the Green function III:
Dyson equation

Reference system Hamiltonian - New system Hamiltonian

H, H=Hy+ AV

|

G(E)= (E—-Hy—AV)™!

Go(E) = (B — Hp) ™' —— — [1—Go(E) AV]™! Go(E)

Dyson equation

Example: Free electrons > Electrons in a crystal
Hy=-V? Heryst = Ho + Veryst (7)
Electrons in a crystal > Electrons in a crystal + impurity
Ho= Heryst  H = Heryst + AVimp



Concept of KKR

Tessellation of space in atomic cells /> @
[\\o

Local scattering solution of Schrédinger’s equation

in each cell (spherical wave representation) @ K\

:. r
Multiple scattering of waves among atoms - =

- Coupling of local solutions @ G)

000

Starting point:
Free electron wave function

V() = &7 = 4x 3 i (k) Yi (k) Yo (7) L=(,m)
L

Free electron Green function

L, 1 eik\FfF(\ ) ) -,
" ) =—— = _iW/E B s B) YL (7)Y,
g(7, 7 E) T =7 i EL Jir<; B) h(rs; B) Y () Yo ()



Scattering from a single potential

Incoming wave Outgoing
_— — > (scattered)
\ waves
vir) \
Green
function: G(7, =—t EZRI r<; B) Hi(rs; B) Yi(7) YL(7 )
Regular Irregular
solution solution
~ ’[‘l ~ 1/’{l+1 L = (l,m)
Bessel Hankel
; function
Free-space fungtion

Green g(Fu = _ZfZ]l T<7 hl (T>7 ) YL(T_) YL(FI)

function:



Scattering from a single potential

Incoming wave

- 5

V(r) \\“
)= —i EZR; re; B

Regular
solution

Green
function: G(

—
tl(E) :/ . dST’jl(\/ET') V(T) R (r; E)

| Bessel
Free-space fungtion
Green - _ VE Z
r = —1 r
function: g( T ]l < E

Outgoing
(scattered)

waves

Hl 7">,E)YL( )YL( )

Irregular
solution
L:=(l,m)
Hankel
function

) hu(rs; E) Yo (7) YL(7)



KKR representation of GF

Crystal electron Green function: ‘/.> @/.\
N N/

(-V2+ V() = B) GG+ R" 7 + B B) = =0 d(7 = 7") | e Jomt)( # )
o000

NN N

Expanded as:

‘ Structural Green functions ‘

_c_v*_<f_+_Eﬁ..ﬁi.t.ﬁ?i;___>_f __________________________________ |
—iVE ZR” 7<; B) H (73 B) S iy RE(7 E) G (B) R (7 )|
] LD
“'Single-site” “'Back-scattering”
(atom in constant potential) (contribution of all other atoms)

Free electrons

*Z\FZJL F<; E) WL (75 E) nn'-+ Z]L 7 E) 922/(E)jZ'(F/EE)



Algebraic Dyson equation

Dyson eq.: Green functions
| G(E) = 9(E) + 9(E) Vays: G(E) |

i : 0/ Ce @6

Algebraic Dyson eq.: structural Green functions

wE=giE+ Y anEEecim ¥ ¢ ©

n' L'

Interpretation: propagation over all scattering paths

! - i an ' 't o )
L =9 + g grinti g, + E E grin ti Grip i gL 4+

n' L' n' L' n!" L'



Summary of algorithm for
valence-electron charge density

‘ Potential V - solutions R, H and t-matrix ‘

!
‘ Solve algebraic Dyson eq. for G771/ (E) ‘

=2 Compute Green function
[2]
c — =/
83' G(F+R", 7'+ R";FE) =
[0) . n = n nn n' (=
é 5 _Z‘/EZRL(T<§ )HE (7 nn""ZR (’LL’ E)Ry.(7"; E)
S .8 L L
2
!
Charge density in cell n:
2 Er - -
pn(7) = —=Im dEG(F+ R",7+ R™ E)
T B,




Impurity atoms in crystals
Dyson eq.: Reference system — New system
G(E)=(E—-Hy—AV)™"
[1—Go(E)AV]™! Go(E)

Crystal Impurity in crystal

++
T ++

No periodic supercell needed

Computational effort depends on the number of perturbed atomic potentials N : O(N°)
G=Gy+Gy AV G
=G+ Gy AV Gy + Gy AV Gy AV Gy + Gy AV Gog AV Go AV Gy + - - -

=Go+ Gy [AV‘I-AVGAV]GO
=Gy + GoT Go T is confined in the perturbed region



Impurity atoms in crystals

Green function and Dyson equation for the impurity system

GF+ R 7 + R E) =
—iVE Y R}(F<; B) H} (7> E) 6w + Y RE(F E) G171 (E) RY (75 B)
L LL'
Summation only for the sites where t-matrix differs (impurities & surrounding atoms)

() = Gy (B) + Y GElpo(B) [t (B) — ti (B)] G (E)

n''\L"

Size of linear system to solve: DIMENSION = N, x (21 + 1)?

PE(E) = [[1 - Golt — to)] ' Go ],



Application: Density oscillations

Exp.: Cu (111) surface KKR calculation (Co in Cu surface)
Petersen et al., PRB 57, Samir Lounis, PhD thesis (RWTH Aachen)
R6858 (1998)



Other applications

Conductance in a junction:

8mm?

2#3
po_ch /dS 48’ G(r,v'; Ep) V.V
S S’

Exchange constants in ferromagnets

(%]

¢

| o b
Heisenberg model: F = — Z Jij € - €; $
b

b

1 Br , . ;

(-4 C1 (Er)



Vision: Electronic structure learning

as integrated, high-level multiscale workflows

i SADA HTC & AL |

Atomic Features First-Principles Simulator Primary Output

A={a.GS,.. .} JUDFT Codes n(r), V(F)
trafnt T
Representation - >
symmetries
|A: ) 4 %)

Better “initial guess”
for fast SCF convergence

= HELMHOLTZ ) ) CASVUS
I Sama hoadany” @ ) CENTER FOR ADVANCED
4 - SYSTEMS UNDERSTANDING

Secondary Output Tertiary Output
Epor, DOS, Jjs, ... Te, Sis, ...
[ra/n*
Secondary Emulator Multiscale simulator
Magnetic properties @ S5AiiDA-Spirit

Magnetic property prediction
(ML-Exc) for spin dynamics

lJ JULICH

Forschungszentrum

Slide 8



Project “Better initial guess”

SAIDA-KKR workflows

o

VoronoiCalculation

KkrCalculation

'
[

ok ()
|

:

KkrimpCalculation

!
i

KkrimpCalculation

A4

I\

2RiBmann, Bertoldo, and Bliigel 2021.




Project “Better initial guess”

Data generation

Data 10’000 impurity embeddings into elemental

crystals

Target Electron potential difference A Vimp(F)

S5

TXFHF> 23°2ETTBR385T L8 IEFE

Dataset map. Rows: Element of host crystal, columns:

atom, color: num. calculations.

Green function G(E) = (E —H) !
Perturbed system # = H° + AV

not converged

aiterance to startpo, scale_factor 10

Vi =V @)

W w0
rau)

abs, converged sphercal potental

) _ Spherical impurity potentials in first Voronoi cell of Hg:X embeddings,
impurit
pu left upper to bottom right: V, V—V°, |V|, |V—V?|.




The Jacobi-Legendre framework’

for electronic structure representation

Body order: 2B 3B

4B

Constrained distances
expansion:

P (cos(a))

\A \
Constrained dlstancea expansion:
P (cos(a))

Angular expansion:
Pi(cos(6)

Grid centered representation

' : Ll el | RN
@ » t’ .+ T.%T_

@ “%\‘ o |

1 Tt

"Michelangelo Domina 2024.

Expansion basis

JLP

scalar

“Promotion” ‘ @ j—g

— / ¥ on
tensors

“Promotion” ‘ i—g
T scalar fields

JLF

tensor fields




Atom-based JLCDM

= The full KKR potential is expanded in real-space Voronoi (Wigner-Seitz) cells around each
atom and convoluted with shape functions

F) - Z VL YL(F) W|th VLL/ Z CLL’L” VL//
L

=
V(F) = V(F + A")e(7) with ©(F) = ©7(r)Y.(F)
L

= |[dea: Expand the Jacobi-Legendre grid description at each atom, instead of each grid point.

V(F) = ZZa,,P’ngZ > ap, n.iP2 P plo

i n,n2,L

Angular expansion /PL(?gi-?gj)Y(Pg,-)d? — /PL(?,-,-~?,-9)Y(?,-g)d?



Vision: Electronic structure learning

as integrated, high-level multiscale workflows

i SADA HTC & AL |

Atomic Features First-Principles Simulator Primary Output

A={a.GS,.. .} JUDFT Codes n(r), V(F)
trafnt T
Representation - >
symmetries
|A: ) 4 %)

Better “initial guess”
for fast SCF convergence

= HELMHOLTZ ) CASUS
I Sama hoadany” @ J CENTER FOR ADVANCED
4 n SYSTEMS UNDERSTANDING

Secondary Output Tertiary Output
Epor, DOS, Jjs, ... Te, Sis, ...
[ra/n*
Secondary Emulator Multiscale simulator
Magnetic properties @ S5AiiDA-Spirit

Magnetic property prediction
(ML-Exc) for spin dynamics

lJ JULICH

Forschungszentrum

Slide 13



Topological insulators and magnetic impurities

Spin Hall Anomalous Hall
(2004) (1881)

H H H Quantum spin Hall Quantum anomalous Hall
o Magnetic doping of topological

insulators (Tls) can induce a
topological phase transition

» Ferromagnetic ordering

+ Out-of-plane anisotropy

(€102) €51 ‘OpE 22ULIS ‘YO 'S

Quantum spin Hall Quantum anomalous Hall

(QSHE) (QAHE)
> Topological insulator ~ On€ single edge state

Two counter propagating
edge states

(2102) 108920 ‘604 Td "2 Jo SusH



Project “ML-Exc”

Magnetic co-doping of topological insulators

BirTes Dimer clusters of 3d, 4d transition metal defects

1-1:1 (R=4.38 Ang.) 1-2:0 (R=4.79 Ang.) 1-2:1 (R=6.10 Ang.)

4

1-1:6 (R=11.60 Ang.)  1-2:9 (R=11.76 Ang.)1-1:7 (R=12.17 Ang.)

Single-impurity dabase, N=2"000.
go.fzj.de/judit

Dimer database, N=2"0007.

Co-doping can help to control

= critical T; of QAHE
= exchange splitting Axc
= |ong-range magnetic ordering

for applications in spintronics and
fault-tolerant quantum computing.

4Mozumder et al. 2024,


https://go.fzj.de/judit

Project “ML-Exc”

SAiDA-KKR workflows?

combine_imps_wc

Extended Heisenberg Hamiltonian. H = — >ijdi S - §j — %Z,J 5,7 : (§,- X §j>

Exchange constants from method of infinitesimal rotations’. Jj = — X Im [ fgo dE Tr[0t;Gjot;Gj]

'Liechtenstein et al. 1987.
2RuBmann, Bertoldo, and Blugel 2021.
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Spin dynamics with AiiDA- @ spi?it 1

.o’ e
W /magnetlzatlon \
ArrayData
mbine impurity cluste P - (initial and final
‘combine impurity cluste o) . structure \ w
.. \ Ztructureibs.m) /
0% %0 (positions of spins) \ A
"DAI .
Jij_ _data / energles N
)

Y &> “’Z“ﬂ,‘j{)d\ SpthaIcuIatlon \ . \,m,,.,,,gem,,,,y

ce
S = e / run_options \; [
o Dict, optional ) ~ output_parameters
< Y 830000 L6 MC,..) « =
3 \ (16 MC,..) C Dot
03¢ U

 parameters
N Dict, optional )

e
Landau-Lifshitz-Gilbert equation

combine_imps_wc

Liechtenstein formula

1 Er
Ji=—im / AE TH[5t G5t Gy] 3 o
U] T . U/t e 88—'Stl:—’yISiXBieﬁ_)\Six<SiXBieﬂ)
ML-IAP approach.
B = >k Bk — Jij= 24 (Ji),

"RBmann, Ribas Sobreviela, et al. 2022.

juspin.de
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Project “ML-Exc”

Model selection

Model Citation Type CSSP NN Defects Spin Symmetry
AutoML Conrad et al. Composition X - -

Coulomb matrix Rupp et al. Descriptor - explicit
SOAP Bartok, Kondor, and Csanyi Descriptor - explicit
Alchemical SOAP  Lopanitsyna et al. Potential X - explicit
Disordered SOAP  Sommer et al. Descriptor - explicit
GAP Barték, Payne, et al. Potential X ? explicit
ACE Bochkarev et al. Potential - explicit
MEGNetSparse Kazeev et al. Potential X X - explicit
MACE Batatia, Kovacs, et al. Potential X X - explicit
MACE-MP Batatia, Benner, et al. UIP X X - explicit
Magnetic ACE Rinaldi et al. Potential noco explicit
SpinGNN++ Yu et al. Potential X X noco explicit
CHGNet Deng et al. UIP X X coll explicit
SNRep M. Domina, Cobelli, and Sanvito Potential coll explicit
PET Pozdnyakov and Ceriotti Potential ? X coll approximate



Project “ML-Exc”

Tensorial interaction
Heisenberg Hamiltonian in tensor form.
HH = —Zﬁ’l,'-._ij_ﬁj
j>i
Tensor components: isotropic, anti-symmetric (DMI) and anisotropic or traceless symmetric part
(neglected so far).
Jj=Jil+ TP+ T}

0 JY U 0o JY - 0o -D: D
Jh=| 0 = 0 U |=| D 0 -Df
VA Jx g0 -D Dy 0
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HIGHER-ORDER SPIN INTERACTION

0ﬁﬁ =Y ""78i- 8, (The bilinear term)
ij

W. Heisenberg, Z. Physik 49, 619 (1928): P. W. Anderson, Phys. Rev. 79, 350 (1950)

QH -3'By (Sz , g)z (The biquadratic term)
i ! ! P. W. Anderson, in Magnetism \Vol. 1 (Academic Press, 1963): C. Kittel, Phys. Rev. 120, 335 (1960).
Q{3 =3 "Kiju [(Sl : SJ) (Sk : S‘l) + <S, . S,) (S, : Sk) - (SL : Sk) (SJ : Sl)] (The ring exchange interaction term)
ijkl D. J. Thouless, Proc. Phys. Soc. 86, 893 (1965)
M. Takahashi, J. Phys. C: Solid State Phys. 10, 1298 (1977).

OH4 = ZYW (S, . S]-> (Sj . Sk> (The 4-spin—3-site interaction term)
ijk M. Hoffmann et al., Phys. Rev. B 101, 024418 (2020).
HY® = ~5 [Sr (SJ- X Sk)] Tk Tk [Si/ . (Sj/ X Skﬂ (The chiral-chiral interaction term)
S. Grytsiuk et al., Nat. Commun. 11, 511 (2020).

QZI (S’l . S'J> (S'] . Sk) (S‘k . .SA'Z) (6-spin—3-site interaction term)
ot @) JULICH

Mitglied der Helmholtz-Gemeinschaft 24 Forschungszentrum



RELATIVISTIC EXCHANGE INTERACTION

ST )‘ZZZ (gi(r) | Lf [mq(r) [S‘f, 7:[(5)]

2 ,m o Ez,g
Spin Hamiltonian

J1281 - S > DB (8 x )
DY [(81-8:)(81 % §2) + (81 x 8,)(81 - )]

v

Bia(S) - 8,)?
Kio34 [(5'1 -55)(Ss5 - S4) Dg‘g (55 54)(51 X 52) + Drmg (5'1 : Sz)(s's X §4)
+ DYE. (S - 83)(S1 x S4) + Diye - (81 - 84)(S2 x Ss)

+(81-81)(S2 - $a) — (81- 8)(S: - Su) (52581 X S (51 (82 xS
~ [DI3E- (82 81)(81 % S3) + DI - (81 85)(S2 x S|

Y1232 (Si-8,)(S; - Sk)

i,k
L, <

Yy D&?- [s X123 + X1238i — 281 [2(S2 x S3) — 2/852(85 x 81) — 2/S5[2(S) x SZ)}

i=1



Community resources Contents

Best of atomistic machine learning * Active learning 5 projects

Biomolecules 2 projects

« Community resources 27 projects
Datasets 35 projects

Data Structures 4 projects

JuDFTteam/best-of- )
atomistic-machine-... JUDFT

Density functional theory (ML-DFT) 25 projects

Educational Resources 24 projects
¢ Explainable Artificial intelligence (XAl) 4 projects

L A ranked list of awesome atomistic machine
learning projects EJ % 9.

Electronic structure methods (ML-ESM) 3 projects

General Tools 22 projects

Generative Models 17 projects

A5 © 83 w271 % 19 . . .
p— \ssies S ok O o Interatomic Potentials (ML-IAP) 65 projects
GitHub - JuDFTteam/best-of-atomistic-machine-learning: ¥ A ranked list of a... o Language Models 17 projects
¢ Materials Discovery 9 projects
Largest list of atomistic ML tools on the web + Mathematical tools 71 projects

Molecular Dynamics 10 projects

¢ Reinforcement Learning 2 projects

* Representation Engineering 23 projects
Representation Learning 54 projects

g O fZJ . d e/ba m I ¢ Unsupervised Learning 7 projects

e Visualization 3 projects

(400+), auto-ranked, regular updates?

aWasmer et al. 2023. Wavefunction methods (ML-WFT) 4 projects

Others 2 projects


https://go.fzj.de/best-of-aml
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Solution in k- space for periodic
systems

GUH/(E) = g7 ( Z it (E) GL/p/(E)
Fourier transformation of G, g

GLL/(E; E) = gLL/(E; E) + ZQLLN(E; E) tl/f(E) GLHL/(E; E) (—l

L

@ Matrix inversion [G] = [g] + [g] - [t] - [

GuuiB) = | (1= o) HE) o)

@ On-site term for charge density

1

—_ dgk‘GLL/(E; E)
VBz JBZ

Grp(B) =



Framework:
One-electron states in a crystal

Self-consistent field V(x); density-functional theory

Valence states E/

Semicore
states

Energy / Potential

Core states

Position x in crystal



Complex energy contour

2 Er L ABn -, #Bn Integration:
pu(7) = —Im - AEG(r+ B+ B B) o or E-points
|9 (Pl
GE)=>" % — n(E)=) 6E-c;)
TLE i ________ tb.k.J POIeS nE
— E+ic—¢; = 2+ (B —e€.p)?
ImE, <ImkE, <ImkE; ImE Lorenzian broadening

- Less E-points for integration
contour

G(E) is analytical
— n(E) > Integral is the same.

-Im G(E)

ReE
““normal” integration




Secular equation

Tessellation of space in atomic cells

Local solution of Schrédinger’s equation in each cell
(spherical wave representation)

Ry(75 E) YL(7)

In a sense: “optimal basis functions”

General solution:
V()= cp(k; B) Ry(7: E) Y1.(7)
L

Insert into Schrédinger’s eq. to obtain coefficients ¢rL

Z [5LL' — tl(E)gLL/(E; E)} CL/(E; E) =0
L

A
J

o
JC)

R

)
()

Fourier-transformed coefficients of free-space Green function




Multiple scattering

Bookkeeping:
1. (Incoming wave) , = Z (Outgoing waves),,
ne{B,C,... } H
G |
2. () = Z 0" hy, O O
related by ?
o’ t-matrix
inc TL n
"/}E Zb jL(’I“ E) FO— @a—OB
3. Transformation of Hankel functions: E O $ O c
— 7 — D
hi(F +R" — R E \FZ 1 (E) ju (75 E)

4. Periodic system - Bloch property > k-space

Z (6LL/ 7gLL/(E,E) tl/(E)) 1(;2/ :O \IJE<F) :ZCEL RL(F,E)
L’ L
KKR secular equation > F = E(E)



Fermi surfaces, scattering off impurities

Lippmann-Schwinger equation

W) = V) + [ Gols T E) [V () - Ve )] W)

Crystal momentum Spin

t-matrix (transition amplitude) Zn imp.

Trr = (¥, Vlmp\Illmp)

Scattering rate

o = 2m| kk,| §(Ep — Ey,)

76 78 22722 33188 48475 70803

7 7
m L | m L |

Finite lifetime (ps) of Fermi surf. states
in fcc Cu due to scattering off 1% Zn
impurities.



Summary

Green function method: Alternative to the Schroédinger equation

KKR Green function: Expansion in site-dependent scattering waves
with single-site and multiple-scattering part

G+ "7+ R".E) =
77\FZRL F<; E) H} (T

T>;E nn’ +ZR“'I‘E) VZ’L]/( ) 2’( ,7E)
LL’

Impurity problem: Dyson equation

G(E) =
Only perturbed sites need recalculation

(E—Ho—AV)™
= [1=Go(E)AV] ™! Go(E)

Large systems > 10000 atoms: Sparse matrices allow for O(N) calculations
(KKR-nano method by R. Zeller et al.)
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