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Historical / general

Wave function method: Korringa (1947), Kohn and Rostoker (1954)
Green function method: Dupree (1961), Morgan (1966), Beeby (1967)

Mainly DFT method

Milestone: 
Moruzzi, Janak and Williams (1978), Calculated electronic properties of metals

Worldwide development over the years (codes from several groups with different 
emphasis).

Oak Ridge, Bristol, München, Jülich, Dresden/Halle, Osaka, Budapest, Wien, …

Emphasis: Magnetism (practically all groups), 
defects in crystals, disorder (KKR-CPA), transport (resistivity, Hall effects), 
many-body effects beyond DFT (KKR+DMFT), photoemission, spin dynamics, 
spin excitations, surfaces, large DFT-calculations (thousands of atoms),... 

Good review: Ebert et al., Rep. Prog. Phys. 74 (2011) 096501 
http://stacks.iop.org/RoPP/74/096501

http://stacks.iop.org/RoPP/74/096501


Rydberg atomic units used here

~ = 1

me =
1
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e2 = 2
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Green functions



Green function: Definition

Retarded and advanced Green functionTime evolution operator

Fourier transform à energy-dependent Green function:

Spectral representation via eigenfunctions-eigenvalues:

G(E) can be defined for complex E
(analytical continuation)

 (t) = iGR(t� t0) (t0) t0 < t

 (t) =�iGA(t� t0) (t0) t < t0
 (t) = e�iH(t�t

0) (t0)

G(E) =

Z 1

�1
G(t) ei(E+i")t

dt = (E + i"�H)�1
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X
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Properties of the Green function I:

Analyticity in the physical sheet

Poles at the eigenvalues      and branch cut at the continuum

ImE

ReE
n(E)

EBound states
(core electrons) Continuum bands

Density of states:

Find eigenvalues of H ó
Locate singularities of G(E)

Analytical properties

Im
p
E > 0

✏i ✏k

✏k✏1✏2

n(E) = � 1

⇡
ImTrG(E)



Charge density:

Properties of the Green function II:

Real-space representation:

Definition:

Expectation values of observables:

(General expression with Tr)

(Real-space representation)

Connection to physical properties

(E �H)G(E) = 1

(E �H)G(~r,~r 0 ;E) = �(~r � ~r
0)

hOi = �
1

⇡
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Properties of the Green function III:

Reference system Hamiltonian  à New system Hamiltonian

Dyson equation

Dyson equation

Example:                 Free electrons   à Electrons in a crystal

H0 H = H0 +�V

G(E) = (E �H0 ��V )�1

= [1�G0(E)�V ]�1
G0(E)

G0(E) = (E �H0)
�1

Hcryst = H0 + Vcryst(~r)H0 = �r2

H0 = Hcryst H = Hcryst +�Vimp

Electrons in a crystal à Electrons in a crystal + impurity



Green functions in KKR



Concept of KKR

Tessellation of space in atomic cells

Local scattering solution of Schrödinger’s equation 
in each cell (spherical wave representation)

Multiple scattering of waves among atoms
à Coupling of local solutions

g(~r,~r0;E) = � 1

4⇡

eik|~r�~r0|

|~r � ~r0| = �i
p
E
X

L

jl(r<;E) hl(r>;E)YL(~r)YL(~r
0)
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 ~k(~r) = ei
~k·~r = 4⇡

X

L

il jl(kr)YL(k̂)YL(r̂)
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Starting point:
Free electron wave function

Free electron Green function

L ⌘ (l,m)
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Scattering from a single potential

Green 
function:

Regular
solution

Irregular
solution

Free-space 
Green 
function:

Bessel 
function

Hankel 
function

G(~r,~r 0;E) = �i
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0)
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p
E
X

L

jl(r<;E) hl(r>;E)YL(~r)YL(~r
0)

⇠ rl ⇠ 1/rl+1 L := (l,m)

Outgoing 
(scattered) 

waves
S

Incoming wave

V (r)



Scattering from a single potential

Green 
function:

Regular
solution

Irregular
solution

Free-space 
Green 
function:

Bessel 
function

Hankel 
function

G(~r,~r 0;E) = �i

p
E

X

L

Rl(r<;E) Hl(r>;E)YL(~r)YL(~r
0)

g(~r,~r 0;E) = �i
p
E
X

L

jl(r<;E) hl(r>;E)YL(~r)YL(~r
0)

L := (l,m)

Outgoing 
(scattered) 

waves
S

Incoming wave

V (r)

tl(E) =

Z

cell
d3r jl(

p
Er)V (r)Rl(r;E)
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Crystal electron Green function:

Expanded as:

KKR representation of GF

Free electrons:

Structural Green functions

``Single-site’’
(atom in constant potential)

``Back-scattering’’
(contribution of all other atoms)

�
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�
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A

B

C

D

E

F

Algebraic Dyson equation

Dyson eq.: Green functions

Algebraic Dyson eq.: structural Green functions

Interpretation: propagation over all scattering paths

G(E) = g(E) + g(E)Vcryst G(E)

Gnn0

LL0(E) = gnn
0
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X

n00,L00
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00
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l00 (E)Gn00n0

L00L0(E)
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00

LL00 tn
00

l00 gn
00n0

L00L0 +
X

n00,L00

X

n000,L000

gnn
00
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l00 gn
00n000

L00L000 tn
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l000 gn
000n0

L000L0 + · · ·

GBA = gBA

+ gBC tC gCA

+ · · ·



Solution in k- space for periodic 
systems

Fourier transformation of G, g 

Matrix inversion

On-site term for charge density

Gnn0

LL0(E) = gnn
0

LL0(E) +
X

n00,L00

gnn
00

LL00(E) tn
00

l00 (E)Gn00n0

L00L0(E)

GLL0(~k;E) = gLL0(~k;E) +
X

L00

gLL00(~k;E) tl00(E)GL00L0(~k;E)

GLL0(~k;E) =

⇣
1� g(~k;E) t(E)

⌘�1
g(~k;E)

�

LL0

Gnn
LL0(E) =

1

VBZ

Z

BZ
d3k GLL0(~k;E)

[G] = [g] + [g] · [t] · [G]



Electronic structure calculations



Core states

Semicore
states

Valence states

Position x in crystal

En
er

gy
 / 

Po
te

nt
ia

l

DOS

E

V(x)

Framework:
One-electron states in a crystal

Self-consistent field V(x); density-functional theory



Summary of algorithm for 
valence-electron  charge density

Potential V à solutions R, H and t-matrix

Solve algebraic Dyson eq. for

Compute Green function

Charge density in cell n:
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 d
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Complex energy contour

Integration:
a lot of E-points

Poles

Lorenzian broadening
à Less E-points for integration

ReE

ImE

n(E)

contour
G(E) is analytical
à Integral is the same.

``normal’’ integration

⇢n(~r) = � 2

⇡
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Z EF
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G(E) =
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E � ✏n~k

n(E) =
X

n~k

�(E � ✏n~k)

G(E + i") =
X

n~k

| n~kih n~k|
E + i"� ✏n~k

n(E + i") =
X

n~k

"

"2 + (E � ✏n~k)
2

Re E

-I
m

 G
(E

)

1

2

3

ImE1 < ImE2 < ImE3



Exceptional in KKR: defects in crystals



Impurity atoms in crystals 
Reference system → New system

No periodic supercell needed

Dyson eq.:

Crystal Impurity in crystal

G(E) = (E �H0 ��V )�1

= [1�G0(E)�V ]�1
G0(E)

Computational effort depends on the number of perturbed atomic potentials N : O(N3)

G = G0 +G0 �V G

= G0 +G0 �V G0 +G0 �V G0 �V G0 +G0 �V G0 �V G0 �V G0 + · · ·
= G0 +G0 [�V +�V G�V ]G0

:= G0 +G0 T G0
T is confined in the perturbed region



Impurity atoms in crystals 
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Green function and Dyson equation for the impurity system

Summation only for the sites where t-matrix differs (impurities & surrounding atoms)

Size of linear system to solve: DIMENSION = Nat ⇥ (2l + 1)2
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�1G0

⇤nn0

LL0
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Crystal surface: Cu(111)

Atom on surface
STM
tip

Application: Density oscillations

density oscillations

r

n(r) = a
cos( 2 kF r + �)

2 kF r
<latexit sha1_base64="jw4prBKU2/cZMOwEeWTbP/U6s3o="></latexit>



a much more elegant method is to Fourier transform the
STM image. The 2D power spectrum of Fig. 1~a!, shown in
Fig. 1~b!, reveals that the waves are characterized by a single
magnitude wave vector that is azimuthally symmetric about
the center. The 2D Brillouin zone of Cu~111! is shown in
Fig. 1~c!. Previous ARPES studies have determined the
Fermi wave vector (kF) of this Shockley-type surface state
to be 0.217 Å21.9 Within experimental uncertainty, this
magnitude is half the radius of the ring measured in the FT-
STM image ~kF vs 2kF as measured from the ARPES and
FT-STM techniques, respectively!.
As is readily apparent, this FT-STM technique provides a

fast and accurate method of determining the 2D FC, but be-
fore proceeding further it is important to discuss the details
of the measurement. The STM image shown in Fig. 1~a! was
acquired in a low-bias tunneling condition ~5 mV!, so the
observed waves do not reflect true Friedel oscillations, but
rather what we refer to as the energy-resolved Friedel oscil-
lations, that is, oscillations in the local density of states very
near the Fermi level. The importance of this distinction can
be illustrated using an exactly solvable model representing a
step on a surface. Following the approach of Avouris and
co-workers,8 the step is modeled as a hard wall and the 2D
electronic states are represented by a free-electron band with
the Fermi wave vector kF . In this case the charge density
can be determined to be

r~x !5en0$122@J1~2kFx !#/~2kFx !%, ~1!

where J1 is the first-order spherical Bessel function and n0 is
the constant 2D electron density of an undisturbed free-
electron gas. The dotted curve of Fig. 2~a! shows the calcu-
lated charge-density profile from Eq. ~1! as a function of the
distance x from the hard wall. This reveals the Friedel oscil-
lations with a wave vector q52kF , falling off with distance
from the step as 1/x3/2. From the FT of Eq. ~1!, shown as the
dotted curve in Fig. 2~b!, it is evident that the true Friedel
oscillations contain every wave vector from k50 to 2kF ,
with a tail above 2kF resulting from the power-law depen-

dence of the Friedel oscillations. If we had imaged true Frie-
del oscillations for Cu~111!, the FT shown in Fig. 1~b! would
have been a solid disk of radius 2kF , not a ring.
Referring to the STM experimental observations, the

energy-resolved charge density ~i.e., local density of states!
is derived from Eq. ~1! and is found to be

n0@E~k !,x#}$12J0@2k~E !x#%. ~2!

The FT of this equation can be evaluated analytically, yield-
ing an important fact that the intrinsic momentum resolution
of the energy-resolved Friedel oscillations is perfect, i.e.,
Dk50. However, in an actual measurement there is always a
finite bias. The low-bias image can be simulated by integrat-
ing over the allowed states within the energy window of
interest. Since the bias in Fig. 1~a! is 5 mV and the Cu~111!
surface-state bandwidth is 400 meV, the result of integrating
Eq. ~2! over an energy window of the width 0.1 EF is shown
in Fig. 2~a!. It is evident that the amplitude of the oscillations
is much larger than for the true Friedel oscillations, and,
furthermore, the falloff is slower, going as 1/x1/2. To further
illustrate the difference, the FT of Eq. ~2! is shown as the
solid curve in Fig. 2~b!, and a single peak at q52kF is
clearly seen. Experimentally, the larger amplitude and the
slower falloff of the energy-resolved Friedel oscillations, ac-
quired at low-bias voltages, facilitate easier observation of
the perturbed charge density in order to extract FC informa-
tion and circumvent the inherent difficulties of imaging the
total charge oscillations using larger bias voltages.6
Utilizing this approach, the capabilities of the FT-STM

are further illustrated by looking at two different faces of
beryllium, whose surface electronic properties resemble true
2D metallic systems due to the low ~high! bulk ~surface!
density of states at EF .10–12 Figures 3~a! and 3~b! show a
FT-STM image of the Be~0001! surface at 150 K and the
corresponding 2D Brillouin zone indicating the 2D Fermi
surface.12 Due to the short wavelength of the Friedel waves
in the present case ~lBe~0001!53.2 Å vs lCu~111!'15 Å!, the
circularly centered FC of the surface state extends through-
out much of the reciprocal unit cell. As indicated in the fig-
ure, the FT-STM image also reveals ‘‘spots’’ corresponding
to the reciprocal lattice of the Be~0001! atomic array. This
fact allows an internal calibration to a quantitative measure-
ment of the surface wave vector. As in the case of close-

FIG. 1. ~a! Constant current STM image (4253550 Å2) of
Cu~111! obtained at V525 mV, T5150 K, showing a complex
pattern of circular waves extending out from point defects. ~b! 2D
Fourier transform of the image in ~a!. ~c! Sketch of the surface
Brillouin zone of Cu~111! with the Fermi contour.

FIG. 2. Induced charge oscillations from a hard wall in 2D. ~a!
A plot of the calculated induced charge oscillations; dotted ~solid!
curve is the ~energy-resolved! Friedel oscillation represented by Eq.
~1! @integration of Eq. ~2! over 0.1 EF energy window#; ~b! a plot of
the FT of the curves in ~a! ~solid curve is with bias voltage of eV
50.1 EF!.

RAPID COMMUNICATIONS

57 R6859DIRECT IMAGING OF THE TWO-DIMENSIONAL FERMI . . .

Exp.: Cu (111) surface
Petersen et al., PRB 57, 
R6858 (1998)

KKR calculation (Co in Cu surface)
Samir Lounis, PhD thesis (RWTH Aachen)

Application: Density oscillations



Master Thesis Philipp Rüßmann, IAS-1

Application: Spin density oscillations

Fe atom on Au(111)



Wave functions in KKR



Tessellation of space in atomic cells

Local solution of Schrödinger’s equation in each cell
(spherical wave representation)

In a sense: “optimal basis functions”

General solution:

Insert into Schrödinger’s eq. to obtain coefficients 

Rl(~r;E)YL(r̂)
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Secular equation

Fourier-transformed coefficients of free-space Green function



Multiple scattering

A B

D

H

C

I

E

F

G

Bookkeeping:

1.

4.   Periodic system à Bloch property à k-space

KKR secular equation à

3.  Transformation of Hankel functions:

2.
related by 
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� ~Rn;E) =
ip
E

X

L0

gnn
0

LL0(E) jL0(~r0;E)

X

L0

⇣
�LL0 � gLL0(~k;E) tl0(E)

⌘
c(n

0)
~kL0 = 0

E = E(~k)

 ~k(~r) =
X

L

c~kL RL(~r;E)



Fermi surfaces, scattering off impurities

T~k~k0 = ( ~k, Vimp 
imp
~k0 )
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w~k~k0 = 2⇡|T~k~k0 |2 �(E~k � E~k0)
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Lippmann-Schwinger equation

t-matrix (transition amplitude)

Scattering rate

���� $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB ���

'JHVSF ����� %JTUSJCVUJPO PG UIFNPNFOUVN SFMBYBUJPO UJNFT τk GPS TQJO�DPOTFSWJOH TDBUUFSJOH 	MFę

BOE TQJO�ĘJQ TDBUUFSJOHT1,k 	NJEEMF BOE SJHIU
 GPS/J 	UPQ

 ;O 	DFOUFS
 BOE(B 	CPUUPN

JNQVSJUJFT JO GT BU B DPODFOUSBUJPO PG 1% JNQVSJUJFT FNCFEEFE JO B GDD DPQQFS IPTU
DSZTUBM� ćF UISFF ĕHVSFT JO UIF TFDPOE DPMVNO SFQSFTFOU UIF TJUVBUJPO PG TQJO�PSCJU
DPVQMJOH JODMVEFE JO UIF JNQVSJUZ QPUFOUJBM POMZ XIJMF UIF UISFF ĕHVSFT JO UIF UIJSE
DPMVNO BSF SFTVMUT GPS TQJO�PSCJU DPVQMJOH JO UIF IPTU BOE UIF JNQVSJUZ� 'PS τk
 POMZ
WFSZ TNBMM EJČFSFODFT BSF GPVOE JG TQJO�PSCJU DPVQMJOH JT JODMVEFE JO UIF IPTU PS OPU�

Finite lifetime (ps) of Fermi surf. states 
in fcc Cu due to scattering off 1% Zn 
impurities.

���� $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB ���

'JHVSF ����� %JTUSJCVUJPO PG UIFNPNFOUVN SFMBYBUJPO UJNFT τk GPS TQJO�DPOTFSWJOH TDBUUFSJOH 	MFę

BOE TQJO�ĘJQ TDBUUFSJOHT1,k 	NJEEMF BOE SJHIU
 GPS/J 	UPQ

 ;O 	DFOUFS
 BOE(B 	CPUUPN

JNQVSJUJFT JO GT BU B DPODFOUSBUJPO PG 1% JNQVSJUJFT FNCFEEFE JO B GDD DPQQFS IPTU
DSZTUBM� ćF UISFF ĕHVSFT JO UIF TFDPOE DPMVNO SFQSFTFOU UIF TJUVBUJPO PG TQJO�PSCJU
DPVQMJOH JODMVEFE JO UIF JNQVSJUZ QPUFOUJBM POMZ XIJMF UIF UISFF ĕHVSFT JO UIF UIJSE
DPMVNO BSF SFTVMUT GPS TQJO�PSCJU DPVQMJOH JO UIF IPTU BOE UIF JNQVSJUZ� 'PS τk
 POMZ
WFSZ TNBMM EJČFSFODFT BSF GPVOE JG TQJO�PSCJU DPVQMJOH JT JODMVEFE JO UIF IPTU PS OPU�

Crystal momentum Spin

 imp
~k

(~r) =  ~k(~r) +

Z
d3r G0(~r,~r

0;E)
⇥
V imp(~r)� V cryst(~r)

⇤
 imp

~k
(~r)
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Other applications

Conductance in a junction:

Exchange constants in ferromagnets

Heisenberg model:
i j

J i j

S S´

� = � e2~3
8⇡m2

Z

S
dS

Z

S0
dS0 G(r, r 0;EF )

 !r z
 !r 0

zG
⇤(r, r 0;EF )
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J = ��U
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E = �
X

i,j

Jij êi · êj
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Jij = � 1

4⇡
Im

Z EF

dE TrL�ti("�#)G
ij
" (EF )�tj("�#)G

ji
# (EF )
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Summary
Green function method: Alternative to the Schrödinger equation

KKR Green function: Expansion in site-dependent scattering waves 
with single-site and multiple-scattering part

G(~r + ~R
n
,~r

0 + ~R
n0
;E) =

� i

p
E

X

L

R
n
L(~r<;E)Hn

L(~r>;E) �nn0 +
X

LL0

R
n
L(~r;E)Gnn0

LL0(E)Rn0

L0(~r 0;E)

Impurity problem: Dyson equation 
Only perturbed sites need recalculation

G(E) = (E �H0 ��V )�1

= [1�G0(E)�V ]�1
G0(E)

Large systems > 10000 atoms: Sparse matrices allow for O(N) calculations
(KKR-nano method by R. Zeller et al.)



Thank you for your attention!


